
























































































































































































































































































”Symmetry in Physics” (1FA158)

Problem set 1

Due 17 April 2015

1. (5 points) Show that Maxwell equations in empty space

∂µF
µν = 0 ,

are equivalent to the pair of equations

∇ · E = 0 ,

∇×H =
∂E

∂t
;

And Bianchi identities

εµναβ∂
νFαβ = 0 ,

leads to the second pair of Maxwell equations

∇ ·H = 0 ,

∇× E = −∂H
∂t

;

2. (5 points) Consider axial gauge which is defined by the following constraint

n ·A = 0 ,

where n is fixed three-vector of unit length. Find the remnant gauge transformations and
general solution to Maxwell equations in this gauge.

3. (5 points) Find the energy of electromagnetic field starting from the action

S = −1

4

∫
d4xFµνF

µν .

4. (5 points) Consider theory of complex scalar field with the Lagrangian

L = ∂µφ
∗∂µφ− V (|φ|) .

Introduce two real scalar fields φ1, φ2

φ =
1√
2

(φ1 + iφ2) ,

φ∗ =
1√
2

(φ1 − iφ2) .

• Rewrite the Lagrangian in terms of φ1 and φ2 and derive corresponding equations of
motion.

• Write down the symmetry transformations for the fields φ1, φ2.

• Derive corresponding Noether current.

5. (Optional) Find Noether currents in scalar electrodynamics with the Lagrangian given by

L = −1

4
FµνF

µν +Dµφ
∗Dµφ−m2φ∗φ .

where Dµ ≡ ∂µ − ieAµ is covariant derivative.



”Symmetry in Physics” (1FA158)

Problem set 2

Due 24 April 2015

1. Consider electromagnetic field in empty space described by the action

S = −1

4

∫
d4xFµνF

µν .

(a) (3 points) Find stress-energy tensor using Noether’s theorem.

(b) (2 points) Make it symmetric, i.e. T µν = T νµ

(c) (5 points) Find stress-energy tensor varying the action w.r.t. metric:

T µν =
∂(
√
−gL)

∂gµν

and compare it with the previously obtained results.

(d) (2 points) Write down elements of symmetric stress-energy tensor in terms of electric E
and magnetic H fields.

Find stress-energy tensor using Noether’s theorem. Make it symmetric

2. (2 points) Find the center of SU(N) group

3. (1 point) Show that the center of any group is the normal divisor of this group.

4. (2.5 points) Prove that

U(N)/U(1) ∼= SU(N)/ZN

5. (2.5 points) Describing isometries of d-sphere and stationary subgroup of points on it prove
that

SO(d)/SO(d− 1) ∼= Sd



”Symmetry in Physics” (1FA158)

Problem set 3

Due 8 May 2015

1. Consider gauge theory with arbitrary gauge group G, the gauge field Aµ and the field strength
tensorFµν = ∂µAν − ∂νAµ + [Aµ , Aν ].

(a) (2.5 points) Show that

Fµν = [Dµ , Dν ] ,

where Dµ = ∂µ + Aµ.

(b) (2.5 points) Using proved expression show that Fµν transforms in the adjoint representa-
tion of the gauge group.

2. Consider non-Abelian gauge theory with the gauge field Aµ and general gauge group G. We
also add complex scalar field φ(x) in some representation T [G] of the gauge group. As we
discussed in the lecture, Lagrangian of this theory is given by

L = −1

4
F a
µνF

aµν + (Dµφ)† (Dµφ)−m2φ†φ ,

where Dµφ = ∂µφ − igT aAaµφ is covariant derivative with T a being the hermitian algebra
generators in the representation T [G]. As we have shown in this case equations of motion are

(DµF
µν)a = gja ν , (1)

DµD
µφ+m2φ = 0 , (2)

where the current jaν is given by

jaν = i
[
(Dνφ)† T aφ− φ†T a (Dνφ)

]
.

(a) (2.5 points) Show that jaµ transforms in the adjoint representation of G so that both
sides of equation (1) transform similarly Hint: You can show this only for the group
transformations close to identity, i.e. take ω = 1 + T aεa, where εa are infinitesimal
parameters of transformation.

(b) (2.5 points) Prove that

(DµDνF
µν)a = 0 .

Hint: If you do this problem in components at some point it can be useful to apply Jacobi
identity for the structure constants

fabcfcde + fdacfcbe + fbdcfcae = 0
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(c) (2.5 points) Show that if equation of motion (2) is satisfied the following equality is true

(Dµj
µ)a = 0 ,

So that equation (1) is consistent.

(d) The gauge theory we consider is invariant under the global version of gauge transforma-
tions

Aµ → ωAµω
−1 , φ→ T (ω)φ ,

where ω ∈ G and does not depend on x.

• (4 points) Find the Noether current corresponding to this symmetry.

• (1.5 points) How does it transform under transformations written above?

• (2 points) Write down equation (1) in terms of this Noether current.



”Symmetry in Physics” (1FA158)

Problem set 4

Due 15 May 2015

1. n-vector model Consider the model of n real scalar fields fa(x), a = 1, .., n which is subject to
the constraint:

fafa = 1 ,

i.e. f -field takes values on Sn−1-sphere. Let’s consider Lagrangian invariant under SO(n)
global symmetry

L =
1

2g2
∂µf

a∂µfa ,

(a) (4 points) Find the stress-energy tensor and Noether currents corresponding to SO(n)
symmetry

(b) (4 points) Find the ground state of theory ad show that it breaks SO(n)-symmetry.

(c) (5 points) Find unbroken subgroup and spectra of perturbations around the ground state.
Show that Goldstone theorem is consistent with your results.

Hint: In this problem always remember about the constraint.

2. In the lecture we have considered SU(2) gauge theory with the doublet of scalar fields φ

L = −1

4
F a
µνF

aµν + (Dµφ)† (Dµφ) + µ2φ†φ+ λ(φ†φ)2 ,

Now on top of it add the triplet of real scalar fields fa(x), a = 1, 2, 3.

(a) (2 points) Find gauge-invariant scalar potential such that one of its ground states is

φ =

(
0

φ0√
2

)T

, f 1 = f 2 = 0 , f 3 = v .

(b) (5 points) Find the spectra of both scalar and vector perturbations around the ground
state.



”Symmetry in Physics” (1FA158)

Problem set 5

Due 8 June 2015

1. Sine-Gordon equations Consider the model of real scalar field in (1 + 1) dimensions with
Lagrangian

L =
1

2
∂µϕ∂

µϕ+m2v2
(

cos
(ϕ
v

)
− 1

)
, (1)

(a) (1 point) Find a set of vacua in this model

(b) (3 points) Find the solution analogous to the kink solution discussed in Lecture 8, that
interpolates between two neighboring vacua of the theory.

(c) (3 points) Now introduce following variables:

φ =
ϕ

v
, ξ = mx , τ = mt , U =

1

2
(ξ + τ) , V =

1

2
(ξ − τ) .

Let us assume that φ0(U, V ) is some solution of equations of motion that can be derived
form the Lagrangian (1). Consider system of first order differential equations

1

2

∂

∂U
(φ− φ0) = α sin

[
1

2
(φ+ φ0)

]
,

1

2

∂

∂V
(φ+ φ0) = α−1 sin

[
1

2
(φ− φ0)

]
. (2)

Show that solution φ of these equations also satisfies equations of motion derived from
(1) (these equations of motion are called sine-Gordon equations).

Comment: Solution for φ of the system (2) is called Bäcklund transformation of φ0.
Knowing one of the solutions of sine-Gordon equation we can use it to generate tower of
new solutions for equations of motion.

(d) (3 points) Find Bäcklund transformation of the trivial solution φ0 = 0. Comparing it
with the kink-like solution observed in the second part of this problem give interpretation
of your result and explain the physical meaning of parameter α for this case.

2. Now consider four-dimensional Georgi-Glashow model with the Lagrangian

L = −1

4
F a
µνF

aµν + (Dµφ)a (Dµφ)a − λ

4
(φaφa − v2)2 ,

where gauge group is SU(2) and φa is the triplet of scalars transforming in the adjoint repre-
sentation of the gauge group.

In the class we considered this model and have shown that there should exist static solitonic
solution of the form:

φa = nav(1−H(r)) , Aai =
1

gr
εaijnj(1− F (r)) , A0

i = 0 , (3)

where g is the coupling constant and ni = xi/r. Radial functions F (r) and H(r) should satisfy
boundary conditions:

F (r), H(r)→ 0 as r →∞, and F (0) = H(0) = 1 , (4)
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(a) (7 points) Using equations of motion of Georgi-Glashow model derive ODE that function
H(r) should satisfy (this equation will also include F (r) function).

(b) (3 points) Using boundary conditions at infinity linearize this equation and find the asymp-
totic behavior of H(r) at infinity.



”Symmetry in Physics” (1FA158)

Problem set 5

Due 15 June 2015

In the class we have found the instanton solution for the euclidian Yang-Mills theory that looks
like

Ainstµ = −iηµνaxντa
1

r2 + r20
,

where ηµνa are ’t Hooft symbols (see the lecture notes or Wikipedia page for the definition).

1. (10 points) By direct substitution of the solution above find the topological charge

Q = − 1

16π2

∫
d4xtr

(
FµνF̃

µν
)

(1)

and action

S = − 1

2g2

∫
d4xtr (FµνF

µν)

of this configuration.

2. (10 points) As discussed in the class topological charge Q (1) can be rewritten as the surface
integral

Q =
1

16π2

∫
dσµε

µναβtr

(
FναAβ −

2

3
AνAαAβ

)
Thats in principle give us right to consider three-dimensional SU(N) gauge theory with the
action

S =
k

4π

∫
d3xεijktr

(
FijAk −

2

3
AiAjAk

)
, (2)

which is called Chern-Simons theory

(a) Derive equations of motion of this theory

(b) Which conditions should coupling k satisfy in order for theory to be gauge invariant

Hint: Notice that the object that really needs to be invariant is partition function of field
theory rather then the action.


